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1. INTRODUCTION 
Ben-El-Mechaiekh et al. [1] introduced and studied an abstract convexity concept, L-convexity 
structure, on topological spaces and the class A(X, Y) of approachable mappings which encom- 
pass most of the abstract convexity structure and the classes of set-valued mappings previously 
studied by many authors in the literature as special cases. A topological space with L-convexity 
structure is called an L-convex space. A Himmelberg type fixed-point heorem was established 
for approachable mappings in uniform L-convex spaces. 
Park and Kim [2,3] introduced the concept of generalized convex (or G-convex) space and the 
class U~(X, Y) of admissible set-valued mappings. Some new coincidence theorem, KKM type 
theorems and fixed-point heorems were obtained in G-convex spaces. 
For the related results, the reader may consult [4-7]. 
Recently, Wu [8] and Wu and Li [9] introduced the concept of locally convex H-spaces which is 
different from the concept of 1.c.-spaces introduced by Horvath [10] and generalized the Kakutani- 
Fan-Glicksberg Theorem to upper semicontinuous set-valued mappings with closed acyclic values 
in Hausdorff compact locally convex H-spaces. Some applications were also given in [8,9]. 
Chang and Yen [11] introduced and studied the class KKM(X, Y) of set-valued mappings with 
KKM property in convex space (see [12]). Some coincidence theorem, KKM type theorem and 
minimax inequality involving the set-valued mappings with KKM property were obtained in 
convex spaces. 
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In this paper, we shall further study the class KKM(X, Y) of set-valued mappings with KKM 
property in L-convex spaces. First, we prove that the classes Uck(X, Y) and A(X, X) are true 
subclasses ofthe classes KKM(X, Y) and KKM(X, X) under suitable assumptions where X is an 
L-convex space without linear structure. Then, several Himmelberg type fixed-point theorems 
for the mappings in KKM(X, X), Uck(X, X), and A(X, X) are proved in noncompact locally L- 
convex spaces. Our theorems improve, unify, and generalize many known results in the literatures. 
2. PREL IMINARIES  
Let X and Y be two nonempty sets. We denote by 2 Y and ~-(X) the family of all nonempty 
subsets of Y and the family of all nonempty finite subsets of X, respectively. For any A E 5r(X), 
we denote by IAI the cardinality of A. Let An be the standard n-dimensional simplex with 
vertices e0, e l , . . . ,  en. If J is a nonempty subset of {0, 1,. . . ,  n}, we denote by Aj  the convex 
hull of the vertices (ej : j E J}. A topological space X is said to be contractible if the identity 
mapping Ix of X is homotopic to a constant function. A topological space X is said to be an 
acyclic space if all of its reduced Cech homology groups over the rationals vanish. In particular, 
any contractible space is acyclic, and hence, any convex or star-shaped set in a topological vector 
space is acyclic. 
The notion of an L-convex space was introduced by Ben-E1-Mechaiekh etal. [1]. An L-convexity 
structure on a topological space X is given by a nonempty set-valued mapping F : 9v(X) --* 2 X 
satisfying the following condition. 
(1) For each A E bY(X) with ]A t = n + 1, there exists a continuous mapping (~A : An --* F(A) 
such that B E ~(A) with ]B I = J + 1 implies CA(Aj) C F(B), where Aj denotes the face 
of An corresponding B E Y(A). 
The pair (X, F) is then called an L-convex space. A set D C X is said to be L-convex if for each 
A E 5V(D), F(A) c D. A set D C X is called L-compact if there exists a compact L-convex 
subset E of X containing D. 
An L-convex space (X, F) is said to be a locally L-convex space, denoted by (X, F, U), if X is 
a uniform topological space with a uniform structure/4 having a base fl such that for each x E X 
and each U E U, U(x) = {y E X : (y, x) E U} is L-convex. 
If an L-convex space (X, P) satisfies the following additional condition: 
(2) for each A, B E ~-(X), A C B implies P(A) c P(B), 
then the pair (X, F) is called by Park and Kim [2,3] a generalized convex (or G-convex) space. 
It is clear that the notion of L-convex space includes the corresponding G-convex spaces as a 
special case. 
The following notion of H-space, which was introduced by Bardaro and Ceppitelli [13,14], was 
motivated by the earlier works of Horvath [15]. A pair (X, F) is said to be an H-space if X is 
a topological space and P : ~'(X) --* 2 X has contractible values such that PA C FA, whenever 
AcA ' .  
By Lemma 1 of [16], which is contained in the proof of Theorem 1 of [15], each H-space must 
be a G-convex space and hence it is also an L-convex space. The inverse is not true in general. 
Clearly, the notion of locally L-convex spaces generalizes the concepts of locally convex H-spaces 
and locally G-convex spaces introduced by Wu [8,9] and Yuan [7], respectively. 
Let X and Y be two topological spaces. For a given class L of set-valued mappings, L(X, Y) 
denotes the set of set-valued mappings T : X --* 2 y belonging to L, and Lc the set of finite 
composites of set-valued mappings in L. 
Let U denote the class of set-valued mappings atisfying the following properties: 
(1) U contains the class C of (single-valued) continuous mappings; 
(2) each F E Uc(X, Y) is u.s.c, with nonempty compact values; 
(3) for any standard n-simplex An, each F E Uc(An, An) has a fixed point. 
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Examples of the class U are C, the Kakutani mappings K (with convex values), the Aronszajn 
mappings M (with R~ values), the acyclic mappings V (with acyclic values), the approachable 
mappings A, and the admissible mappings in the sense of Gorniewicz and others. For details, 
see [2,3]. 
A class U~(X,Y) of set-valued mappings is defined as follows: F E U~(X, Y) if and only if 
for any compact subset K of X there exists a F* c Uc(K,Y) such that F*(x) C F(x) for all 
x E K, where Uc consists of finite composites of mappings in U. The class Uck(X, Y) of set-valued 
mappings was introduced by Park [2,3] and is called the class of admissible set-valued mappings. 
Tile class U~(X, Y) includes many important classes of set-valued mappings in nonlinear analysis 
as special cases, see [2,3] and the references therein. 
The following class A(X, Y) of approachable s t-valued mappings was introduced by Ben-E1- 
Meehaiekh et al. [1]. Let (X,L/), (Y, V) be uniform topological spaces with bases/4 and ]; of 
symmetric entourages for the uniformities on X and Y. For each U C U and V C P, let 
W = {(x,y), (x ' , J )  ~ (X x Y) x (X x Y):  (x , J )  e U,(y,y') • V}. 
Then the family W = (W)ucu,vev is a base of symmetric entourages for the product uniformity, 
and the associated uniform topology on X x Y is the product of the uniform topologies on 
X and Y. Let T : X --* 2 Y be a set-valued mapping. For a given element W E W, a function 
f : X ~ Y is said to be a W-approximative s lection of T if and only if Gr(f) C W[Gr(T)], where 
Gr(f) and Gr(T) denote the graphs of f and T, respectively. A set-valued mapping T : X --* 2 v 
is said to be approachable if T admits a continuous W-approximative s lection for each W E 142. 
The class A(X, Y) of set-valued mappings is defined by 
A(X, Y) -- {T: X --~ 2Y: T is approachable}. 
Let (X, F) be L-convex space and Y be a topological space. If F, T : X ~ 2 r are two set- 
valued mappings uch that for each N • ~'(X), T(F(N)) C Ux~N F(x), then F is said to be a 
generalized KKM mapping with respect o T. Let T : X ~ 2 v be a set-valued mapping such that 
if F : X ~ 2 v is a generalized KKM mapping with respect o T then the family {Fx : x • X} 
has the finite intersection property, where Fx denotes the closure of Fx, then T is said to have 
the KKM property. Write 
KKM(X,Y) -- {T:  X --~ 2v:  T has the KKM property}. 
When X is a convex subset of a linear space, the class KKM(X, Y) was introduced and studied 
by Chang and Yen [11]. 
3. H IMMELBERG TYPE  F IXED-POINT  THEOREMS 
LEMMA 3.1. Let (X, F) be an L-convex space and Y be a topological space. Then we have 
(1) T c KKM(X,Y) if and only ifTID E KKM(D,Y) for each L-convex subset of X, 
(2) U~(X, V) C KKM(X, V). 
PROOF. 
(1) By definition, part (1) is obvious. 
(2) For any given T E Uck(X, Y), let F : X -~ 2 y be a generalized KKM mapping with respect 
to T such that Fx isc losed inY  for eachx E X. If the family {Fx :x  E X} does not 
have the finite intersection property, then there exists A = {x0, x l , . . . ,  Xn} C .T'(X) such 
that NxCA Fx = 0 and hence we have 
n 
T(r(A)) c Y = U(Y \ F~). (3.1) 
i=0  
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Since (X, F) is an L-space, there exists a continuous mapping CA : An ~ F(A) such that for 
any J C N = {0,1,. . . ,n}, CA(A j) C F({xj : j E J}). Since CA(An) is compact in X and 
T E U~(X, Y), there exists T e Uc(¢A(An),Y) such that T(x) C T(x) for all x E CA(An). 
Since T is upper semicontinuous with compact values, by Proposition 3.1.11 of [17], T(¢A(An)) 
is compact in Y. By (3.1) we have 
n 
c U(Y  \ Fx ), v i e g .  
i=O 
Let {¢i}~=o be the continuous partition of unity subordinated to the open cover {Y \ Fxi}~=o, 
then we have 
(y E i~(¢A(An)) : ¢/(y) ¢ 0} C V \ Fxi, V i E Y. (3.2) 
Define a mapping ¢ : T(¢A(An)) --+ An by 
n 
¢(y) = v y • 
i=0  
Then ¢ o T o CA • Uc(An, An) has a fixed point z0 • An, i.e., zo • ¢ o T o CA(Z0). Hence, there 
exists a y0 • Ib(¢A(zo)) such that 
n 
z0 = ¢(y0) = • AJ¢ o), 
i=O 
where J(Yo) = {J • N : ~bj(y0) ~ 0}. It follows that 
Yo • ib o CA(Z0) C i~ o CA (Ag(yo)) C T(F({xj : j • J(Yo)})) C T( r ({z j  : j • g(yo)})). 
On the other hand, since Cj(Y0) ~ 0 for all j • J(Yo), it follows from (3.2) that 
Y0• ['~ (Y \ fx j )=Y\  U Fxj. 
jEJ(yo) jeJ(yo) 
Hence, we obtain 
T(r({z~ : j  e J(yo)})) ~ U Fxj, 
jEJ(Yo) 
which contradicts the fact F is a generalized KKM mapping with respect o T. Therefore, the 
family ~Fx : x E X} has the finite intersection property and T E KKM(X, Y). 
REMARK 3.1. Lemma 3.1 generalizes Proposition 3(i) and (iv) O f [11] from convex space to L- 
convex space without linear structure. The example of Chang and Yen [11, p. 228] shows that 
the inverse of Lemma 3.1 (2) is not true in general. 
LEMMA 3.2. Let (X, F,b/) be a uniform topological space with L-convexity structure F and a 
base ~ of symmetric entourages for the uniformity bl. If T E A(X,X) is upper semicontinuous 
and compact, then T E KKM(X, X). 
PROOF. For any given T E A(X, X), let F : X --* 2 x be a generalized KKM mapping with 
respect o T such that Fx is closed in X for each x E X. If the family of {Fx : x E X} does not 
have the finite intersection property, then there exists a finite set A = (x0,xl , . . .  ,Xn} E ~'(X) 
n n X such that Ni=o Fxi = 0, and hence, we have X = Ui=0( \ Fx~). Since T is compact, then 
K = T(X) is compact and 
n 
K = U (K \ Fxi). (3.3) 
i=O 
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Let {~bi}~=o bethe continuous partition of unity subordinated the open cover {K \ Fxi}~=0, then 
we have 
{y • K :  ¢i(y) ¢ 0} C X \ Fxi, Vi • {0,1, . . . ,n}.  (3.4) 
Define a mapping ¢ : K --~ An by ~b(y) = ~i=o ¢i(y)ei. Then ~b is continuous. Since X 
is an L-convex space, there exists a continuous mapping CA : An --~ F(A) such that for any 
J C g = {0, 1 , . . . ,n},  CA(A j) C F({xj : j • J}). Hence, we have 
CA o ~b(y) C CA(Aj(y)) C F({xj : j • J(y)}), V y • K, 
where J(y) = {j E N : ~bj(y) ~ 0}. Since An is compact, by Lemma 2.3 of [1], !boToCA : An --* 
An is approachable. By Lemma 4.1 in [1], there exists a z0 • An such that zo • ¢ o T o CA(ZO), 
there exists a point Y0 • T o CA(z0) such that 
zo = ¢(y0) = ~ Cj(y0)ej e Aj(y0). 
jEJ(yo) 
It follows that 
yo • T o CA(z0) C T o CA(Aj(yo)) C T(F({xj : j • J(Y0)})). 
Since Y0 • K and ~bj(y0) ~ 0 for all j • J(Yo). By (3.4), we have 
yo • A (x \ Fxj) = x \ U Fxj 
jEJ(yo) jEJ(Yo) 
It follows that 
T(r({z¢ : j • J(y0)})) ~ U Fxj,  
jEJ(yo) 
which contradicts the fact F is a generalized KKM mapping with respect o T. Hence, the family 
(Fx  : x e X} has the finite intersection property and T • KKM(X, X). 
The following result is Lemma 1 of [9]. 
LEMMA 3.3. Let X be a topological space, (Y, bl) be a uniform space and ~ be a base for the 
uniformity ld. Let T : X --* 2 r be a set-valued mapping. If ~ E X and ~3 • Y such that 
• A v (T(~)), 
VEIl 
where T(&) = {y E Y : (5, y) E cl (Gr(T))}, cl (Gr(T)) is the closure of the graph of T, and 
V(T(~)) = Uyey(~) V(Y), then ~ E T(2c). 
In the following, we shall assume that each topological space is Hausdorff. We first prove an 
almost fixed-point theorem for the set-valued mapping in KKM(X, X). 
THEOREM 3.1. Let (X, F, L/) be a locally L-convex space, D be an L-compact subset of X.  I fT  E 
KKM(X, D ), then for each open entourage U E ld there exists xv E E such that Txu AU ( xu ) # O, 
where E is the compact L-convex subset of X containing D. 
PROOF. Suppose the conclusion does not hold, then Tx M U(x) -~ 0 for all x E E. Without loss 
of generality, we can assume/3 is a base of symmetric open entourages for the uniformity b/, then 
there exists V E t3 such that V C U. Define a mapping F : E --~ 2 E by 
F(x) : E \ V(x), V • e E. 
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Then Fx is nonempty and closed in E for each x E E. By Lemma 3.1 (1), TIE E KKM(E, E). 
Now we prove that F is a generalized KKM mapping with respect o TI~. If it is false, then 
there exists a finite set A = {x0, X l , . . . ,  xn} E 9~(E) such that 
TIE(F(A)) ¢_ U Fx. 
xEA 
F Noting that E is L-convex, there exist u E F(A) C E and v e TIE(U) such that v ¢ [Ji=0 x~. 
From the definition of F it follows that v c V(x~) for all i E {0, 1 , . . . ,  n}. Noting that V E b/ 
is symmetric and X is a locally L-convex space, we have x~ E V(v) for all i c {0, 1 , . . . ,  n}, and 
hence, u C r(A) c V(v) since V(v) is L-convex. By the symmetricity of V, we obtain v E V(u) 
and v • TIE(u)NV(u) C T[E(u)NU(u) which contradicts the fact T(x)NU(x) = ~ for each x • E. 
Therefore, F is a generalized KKM mapping with respect o TIE. Since TIE • KKM(E, E), we 
have the family {Fx : x • E} has the finite intersection property and hence NxEE FX ~ ~. Take 
w • A~eE Fx, then w • Fw which contradicts the definition of F. This completes the proof. 
REMARK 3.2. Theorem 3.1 generalizes Lemma 1 of [11] from a convex subset of a topological 
vector space to locally L-convex space without linear structure. 
THEOREM 3.2. Let (X, F,/~) be a locally L-convex space, D be an L-compact subset of X,  and 
T • KKM(X, D) be upper semicontinuous with closed values. Then T has a fixed point in X.  
PROOF. Since D C X is L-compact, there exists a compact L-convex subset E of X containing D. 
Without a loss of generality, assume that 3 is a base of symmetric open entourages for the 
uniformity U. It follows from Theorem 3.1 that for each V •/~, there exists xv • E such that 
TxvnV(xv)  ~ O. For each V • ~, let Qv = {x • E : TxnV(x)  ~ 0} where V denotes the closure 
of ~/, and hence, Qv ~ ~ for each V • 3. Now we show that Qv is closed in X. Let {x~ : a • I} 
be a net in Qv such that x~ --~ x • E, then for each a • I, there exist ya • Tx~ such that 
(x~, y~) • V. Since TX C E and E is compact, without the loss of generality, we may assume 
y~ ~ y • E. Since T is upper continuous with closed values, it follows from Proposition 3.1.7 
of [17] that the graph Gr(T) of T is closed, and hence, y E Tx. Since V is closed, we have 
(y, x) • V, and hence, y • Tx n V(x). This shows x • Qv and Qv is closed for each V •/3. For 
any finite entourages V1, V2,..., Vn of 3, there exists V0 • 3 such that V0 C nin__l vi. Therefore, 
the family {Qv : V • 3} has the finite intersection property. It follows from the compactness of
E that nye~Qv ~ ~. Take any ~ • NvezQv,  then we have T2 n V(&) ~ ~ for all Y • ~, and 
hence, there exists ~ E T(~) such that (~, 2) E V for all V •/~. Since V is symmetric, we obtain 
• nye~ V(T&). Since all closed symmetric entourages form a base for h¢ and the graph Gr(T) 
of T is closed, by Lemma 3.3, J: • T~, i.e., ~ is a fixed point of T. This completes the proof. 
COROLLARY 3.1. (See [11].) Let X be a nonempty convex subset of a Hausdorff locally convex 
topological vector space E and T • KKM(X, X) be compact and closed. Then T has a fixed 
point in X.  
PROOF. Letting F(A) = co(A) for each A • 5~(X), (X,F) must be a locally H-convex space 
(see [9, p. 120]), and hence, it is also a locally L-convex space. Without loss of generality, 
we may assume E is quasicomplete (for the conditions on T and X remain unchanged in the 
quasicompletion of E). Let D = TX C X and M = co(K), then M is a compact L-convex 
subset of X satisfying D C M, and hence, D is an L-compact subset of X. Since T is closed and 
D = TX is compact, T C KKM(X, D) is upper semicontinuous with nonempty closed values. By 
Theorem 3.2, T has a fixed point in X. 
REMARK 3.3. By Corollary 3.1, we see that Theorem 3.2 generalizes Theorem 2 of [11] from 
a convex subset of a locally convex topological vector space to locally L-convex space without 
linear structure. 
COROLLARY 3.2. Let (X,F,b/) be a compact locally L-convex space and T • KKM(X,X)  be 
upper semicontinuous with closed values. Then T has a fixed point in X. 
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PROOF. The conclusion holds from Theorem 3.2 with D = X. 
REMARK 3.4. Since each locally G-convex space must be a locally L-convex space, Corollary 3.2 
generalizes Theorem 2.12.23 of [7, p. 191] in the following ways: 
(1) from locally G-convex spaces to locally L-convex spaces, 
(2) from T being upper semicontinuous set-valued mapping with closed acyclic values to T E 
KKM(X,  X) being an upper semicontinuous set-valued mapping with closed values. 
Theorem 3.2 and Corollary 3.2 include many Kakutani-Fan-Glicksberg type fixed-point heorems 
as special cases, see [7, p. 192]. 
COROLLARY 3.3. Let (X, F,U) be a locally L-convex space, D be an L-compact subset of X,  
and T E U~ (X, D). Then T has a fixed point in X.  
PROOF. By Lemma 3.1 (2), Uck(X, D) C KKM(X, D), and hence, T E KKM(X, D) is upper 
semicontinuous with nonempty closed values. The conclusion holds from Theorem 3.2. 
REMARK 3.5. Corollary 3.3 improves and generalizes Lemma 2.1 of [9] (also see [7, p. 155]) in 
following ways: 
(1) from locally convex H-spaces to locally L-convex spaces, 
(2) from the class of set-valued mappings with compact acyclic values to the class Uc k. 
Corollary 3.3 also generalizes Theorem 2.12.23 of [7] in the following ways: 
(1) from compact locally G-convex spaces to noncompact locally L-convex spaces, 
(2) from the class of mappings with compact acyclic values to the class Uc k. 
COROLLARY 3.4. Let (X, F,L/) be a locally L-convex space, D be an L-compact subset of X and 
T E A(X,  D) be upper semicontinuous with nonempty closed values. Then T has a fixed point 
in X.  
PROOF. By the assumptions, it is easy to see that T is compact and closed. It follows from 
Lemma 3.2 that T E KKM(X,  D). The conclusion follows from Theorem 3.2. 
Some applications of our Himmelberg type fixed-point heorems will be given in another paper. 
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